Abstract. We use the stochastic limit to study long time quantum dynamics of a test particle interacting with a dilute Bose gas. The case of arbitrary form-factors and arbitrary, not necessarily equilibrium, gauge invariant quasi-free low density state of the Bose gas is considered. Starting from microscopic dynamics we derive in the low density limit, without using GNS representation, a quantum white noise equation for the evolution operator. This equation is equivalent to a quantum stochastic equation driven by quantum Poisson process. The intensity of the quantum Poisson process is directly expressed in terms of 1-particle S-matrix. We construct master fields (white noise and number operators) describing the dynamics in the low density limit and prove the convergence of field operators to these master fields. In our approach the algebra of the master fields and the Ito table do not depend on the initial state of the Bose gas. † permanent address:
Introduction
The fundamental equations in quantum theory are the Heisenberg and Schrödinger equations. However, it is a very difficult problem to solve explicitly these equations for realistic physical models and one uses various approximations or limiting procedures such as weak coupling, low density, and hydrodynamical limit. These scaling limits describe long time behavior of physical systems in different physical regimes.
One of the powerful methods to study long time behavior in quantum theory is the stochastic limit developed by Accardi, Lu and Volovich [1] . Many interesting physical models have been investigated by using this method (see [1] - [7] for more discussions). In particular, it has been applied to study long time quantum dynamics of a system interacting with a reservoir in the case of weak interaction between the system and the reservoir, i.e. in the weak coupling limit. It was applied to study spin-boson model [3] , polaron model and non-relativistic quantum electrodynamics [4] , quantum Hall effect [5] , relations between Hepp-Lieb and Alli-Sewell laser models [6] , bifurcation phenomenon in a spin relaxation [7] etc.
An important problem is to study long time dynamics of a quantum system interacting with a reservoir in the case the interaction is not weak but the density of particles of the reservoir is small, i.e. in the low density limit (LDL). Quantum stochastic equation for the low density limit was derived by Accardi and Lu [8] using perturbation series for the evolution operator. White noise approach for investigation of dynamics in the low density limit is developed in [9, 10] , where the mathematical procedure, the so called stochastic golden rule for the low density limit, was formulated. A useful tool in this approach is the energy representation introduced in [9] .
The basic equation describing dynamics of selfinteracting quantum gas in weak coupling or low density limit is nonlinear quantum Boltzmann equation. However, the fundamental equations in quantum theory are Heisenberg and Schrödinger equations and quantum Boltzmann equation should be considered as an equation which can be derived from the fundamental equations under some approximations. An approach to the derivation of classical and quantum Boltzmann equations, based on BBGKYhierarchy, was presented in the work of Bogoliubov [11] .
For classical systems there has been a considerable progress in the rigorous derivation of the Boltzmann equation. Lanford [12] using ideas of Grad [13] proved the convergence of the hierarchy of correlation functions for a hard sphere gas in the Boltzmann-Grad limit for sufficiently short times. This proof was extended by King [14] to positive potentials of finite range. The limiting evolution of the one particle distribution is governed by the non-linear Boltzmann equation.
For quantum systems a rigorous derivation of Boltzmann equation is more difficult problem. In [15] quantum Boltzmann equation in the weak coupling limit is derived under hypothesis of so called restricted quasifreeness. The low density limit seems to be more complicated, since the resulting dynamics should be determined by full T -operator and not just its Born approximation as in the weak coupling limit. The hydrodynamical limit is described by Euler equation. In [16] Euler equation for fermions in hydrodynamical limit is derived under some assumptions.
To describe a quantum physical model to which low density limit can be applied let us consider an N-level atom (test particle) immersed in a free gas whose molecules can collide with the atom; the gas is supposed to be very dilute. Then the reduced time evolution for the atom will be Markovian, since the characteristic time t S for appreciable action of the surroundings on the atom (time between collisions) is much larger than the characteristic time t R for relaxation of correlations in the surroundings. Rigorous results substantiating this idea have been obtained in [17] .
The test particle problem was studied by many authors (see a review of Spohn [18] ). One considers the motion of a single particle through an environment of randomly placed, infinitely heavy scatterers (Lorentz gas). The LDL for a classical Lorentz gas is the Boltzmann-Grad limit. In the Boltzmann-Grad limit successive collisions become independent and the averaged over the positions of the scatterers the position and velocity distribution of the particle converges to the solution of the linear Boltzmann equation.
The dynamics of the N-level atom interacting with the free gas converges, in the low density limit, to the solution of a quantum stochastic differential equation driven by quantum Poisson noise [8, 9, 10] (for a discussion of quantum stochastic equations we refer to [19] ). Indeed, from a semiclassical point of view, collision times, being times of occurrence of rare events, will tend to become Poisson distributed, whereas the effect of each collision will be described by the (quantum-mechanical) scattering operator of the atom with one gas particle (see the description of the quantum Poisson process in [20] ).
In this paper we use the white noise approach to study low density limit for test particle interacting with Bose gas. Starting from microscopic quantum dynamics we derive quantum white noise and quantum stochastic differential equations for the low density limit. A useful tool is the energy representation introduced in [9, 10] where the case of orthogonal form-factors was considered. In the present paper we consider the case of arbitrary form-factors and arbitrary, not necessarily equilibrium, gauge invariant quasifree low density state of the reservoir. We prove the convergence of the correlators of initial Bose field to correlators of white noise operators on some special white noise space. To each initial low density state of the quantum gas we associate in the low density limit a special state on the limiting white noise algebra. These limit states are Gaussian but not boson Gaussian and that corresponds to a new statistics arising in the low density limit. The dynamics in the low density limit is given by the solution of a quantum white noise equation which is equivalent to the quantum stochastic equation
where U t is the evolution operator describing dynamics in the low density limit, S is one particle S-matrix describing scattering of test particle on one particle of the reservoir, and N t (S − 1) is the quantum compound Poisson process with intensity S − 1. For the Fock case this equation was derived in [1] . In the present paper we derive this equation for arbitrary initial state of the Bose gas. The main feature of this paper is that the quantum stochastic equation is derived directly in terms of correlators, without use of Fock-antiFock (or GNS) representation. This simplifies the derivation of the limiting quantum white noise equation and allows us to express the intensity of the compound quantum Poisson process directly in terms of 1-particle S-matrix.
In the approach of the present paper the limiting equation, the algebra of the master fields and the Ito table do not depend on the initial state of Bose gas and to every initial state we associate a special limiting state.
The dynamics of the compound system in the low density limit is described by: 1) the solution of quantum white noise equation (29), or equivalently, quantum stochastic differential equation in forms (32) and (40) 2) family of Gaussian (but not Boson) states ϕ L on the algebra of master fields. The fact that the states are not boson shows the arising of new statistics in the low density limit.
The low density limit for the model under consideration, with completely different methods, based on quantum BBGKY hierarchy has been investigated by Dümcke [17] .
The plan of the paper is the following. In section 3 we construct the master fields, which are number operators acting in some white noise space, and the limit states on the algebra generated by these number operators and prove the convergence in the sense of correlators of initial Bose field to the master fields. In section 4 the white noise Schrödinger equation which describes the limiting dynamics of the model is derived. In section 5 we bring this equation to the normally ordered form and to form of a quantum stochastic differential equation. In section 6 we show the connection between the coefficients of the quantum stochastic equation and the 1-particle S-matrix.
The model
Let us explain our notations. We consider a quantum model of a test particle interacting with a boson reservoir (heat bath). Let H S be the Hilbert space of the system (test particle). For example, for N-level atom H S = C N . The system Hamiltonian H S is a self-adjoint operator in H S . The reservoir is described by the Boson Fock space Γ(H) over the one particle Hilbert space H = L 2 (R d ), where d = 3 in physical case. Moreover, the Hamiltonian of the reservoir is given by H R := dΓ(H 1 ) (the second quantization of the one particle Hamiltonian H 1 ) and the total Hamiltonian H tot of the compound system is given by a self-adjoint operator on the total Hilbert space H S ⊗ Γ(H)
Here H int is the interaction Hamiltonian between the system and the reservoir. The one particle Hamiltonian H 1 is the operator of multiplication by some real valued function ω(k). The interaction Hamiltonian will be assumed to have the following form:
where D is a bounded operator in H S , D ∈ B(H S ); A(g n ) and A + (g n ), n = 0, 1 are annihilation and creation operators and g 0 , g 1 ∈ H are form-factors describing the interaction of the system with the reservoir. This Hamiltonian preserves the particle number of the reservoir, and therefore the particles of the reservoir are only scattered on the test particle and not created or destroyed. Such a Hamiltonian was considered by Davies [21] in the analysis of the weak coupling limit.
The evolution operator at time t is given by:
Obviously, it satisfies the differential equation
where the quantity H int (t) will be called the evolved interaction and defined as
With the notion
the evolved interaction can be written in the form
The perturbation series for the evolution operator is
We assume
although generalization to the case of arbitrary D is not difficult. The initial state of the compound system is supposed to be of the form
Here ρ S is arbitrary density matrix of the system and the initial state of the reservoir ϕ ξ is the gauge invariant quasi-free state, characterized by
for each f, g ∈ H. Here ξ > 0 is a small positive number and L is a bounded positive operator in H commuting with S t (an operator of multiplication by some function L(k)).
In the particular case L = e −βH 1 , where β > 0 is a positive number, the state ϕ L,ξ is just the Gibbs state, at inverse temperature β and fugacity ξ, of the free evolution. The fugacity ξ = e βµ , µ is the chemical potential. We study the dynamics, generated by the Hamiltonian (1) with the initial state of the reservoir given by (3) in the low density limit: n → 0, t ∼ 1/n (n is the density of particles of the reservoir). In the low density limit the fugacity ξ and the density of particles of the reservoir n have the same asymptotic, i.e. lim n→0 ξ(n) n = 1
Therefore the limit n → 0, t ∼ 1/n is equivalent to the limit ξ → 0, t ∼ 1/ξ. Let us consider the time rescaling t → t/ξ so that U(t) → U(t/ξ). With the notation
for any f, g ∈ H, the equation for the evolution operator U(t/ξ) becomes
We will investigate the limit as ξ → +0 of the evolution operator U(t/ξ) and the state ϕ L,ξ . The first step to study the low density limit of the model is to find the limit of the field N f,g,ξ (t). This limit we call master field or number operator.
The master fields and the limit states
In this section we construct the algebra of the master field arising in the low density limit and the limit states on this algebra.
It is convenient to use the energy representation
which was introduced in [9] . It has the properties
Let us construct the master space (which is Fock space over some Hilbert space) and master fields. For a given Hilbert space H and a self-adjoint operator H 1 in H we define the Hilbert space X H,H 1 as the completion of the quotient of the set
with respect to the zero-norm elements. The inner product in X H,H 1 is defined as
We denote by B + f (E, t), B g (E ′ , t ′ ) white noise creation and annihilation operators acting in the symmetric Fock space Γ(L 2 (R + , X H,H 1 )). Here by L 2 (R + , X H,H 1 ) the Hilbert space of square integrable functions f : R + → X H,H 1 is denoted. These operators (operator valued distributions) satisfy the canonical commutation relations
and causal commutation relations
where δ + (t ′ − t) is the causal δ-function and
In Appendix we remind the definition of causal δ-functions, for detailed discussion of distributions over simplex we refer to [1] . Using the operators B + f (E, t), B g (E, t) we define the number operators as
Finally, for a given Hilbert space H and a self-adjoint operator H 1 we have the following objects: for any ξ > 0 the family of operators
acting in Γ(H), where S t = e itH 1 , and the number operators
Let ϕ ξ be a gauge invariant mean zero Gaussian state on the CCR algebra generated by A + (f ), A(g), and ϕ is a gauge invariant mean zero Gaussian state on the algebra generated by white noise operators B + f (E, t), B g (E, t) with causal commutation relations (5).
where the equality is understood in the sense of distributions over simplex t 1 ≥ t 2 ≥ . . . ≥ t n ≥ 0. This convergence is called convergence in the sense of correlators.
The fact that we use the distributions over simplex is motivated by perturbation series (2) for the evolution operator.
Let us consider, for the case H = L 2 (R d ), a gauge invariant quasi-free mean zero Gaussian state ϕ L,ξ with two point function (3). Let us define a gauge invariant mean zero Gaussian state on the algebra generated by white noise creation and annihilation
The following theorem describes the master fields and the limit states in the low density limit.
, ϕ L ) as ξ → 0, and the limit state ϕ L characterized by (7) .
where
Let us denote for shortness of notation for l = 1, . . . n
In this notation
The state ϕ ξ is a gauge invariant mean zero Gaussian state. Therefore (8) equals to the sum of terms of the form
where k = 1, . . . n, 1 = i 1 < i 2 < . . . < i k , j k+1 < . . . < j n , i l ≤ j l for l = 1, . . . , k and j l < i l for l = k + 1, . . . , n. We say that (9) corresponds to a nonconnected diagram if there exists m ∈ {1, . . . , n} such that i l ≤ m ⇔ j l ≤ m. Otherwise we say that (9) corresponds to a connected diagram. Let us prove that all the connected diagrams except only one corresponding to the case k = 1 are equal to zero in the limit. One can write (9) as 1
where (α 1 , . . . , α n ) is the permutation of the set (1, . . . , n), ω l (E) = E n + . . . + E l − E αn − . . . − E α l for l = 2, . . . , n and
Notice that for connected diagram all the functions ω l (E) are different from zero. In fact, suppose that ω m (E) ≡ 0 for some m ∈ {2, . . . , n}. In this case one has the identity
which means that (α m , . . . , α n ) is a permutation of the set {m, . . . , n} and hence (α 1 , . . . , α m−1 ) is a permutation of the set {1, . . . , m − 1}. Let us choose any l ∈ {1, . . . , n} and consider the term t j l (E j l − E i l ) in the exponent in the second line of (10). If j l < m then since i l ≡ α j l and α j l belongs to the set {1, . . . , m − 1} one has i l ≡ α j l ∈ {1, . . . , m − 1} and vice versa if α j l ≡ i l ∈ {1, . . . , m − 1} then j l ≤ m − 1. This means that (9) corresponds to connected diagram. Let us consider the case k > 1. Then if (9) corresponds to a connected diagram the functions ω l (E) are different from zero. In this case, since there exists the limit
and the limit of the product of such terms in (10) and k − 1 > 0 the limit of (10) is equal to zero. Now let us consider the case k = 1. In this case (9) has the form
where ω l (E) = E l − E 1 . Using the limit (42) one finds that the limit of RHS of (11) is equal to
After integration over E 1 . . . E n it becomes equal to
As a result we have proved that only one connected diagram survives in the limit. Now let us consider the quantity
With the notation
it can be written as
Notice that on the simplex t 1 ≥ t 2 ≥ . . . ≥ t n ≥ 0 casual δ-functions δ + (t l − t l+m ) for m ≥ 2 are equal to zero. Therefore the integrand in (13) can be written as
The terms in the sum correspond to nonconnected diagrams. The last term corresponds to a unique nonzero connected diagram. Moreover
which equals to (12) . For n = 1 the statement of the theorem is clear. In fact
Then proof of the theorem follows by induction using the fact that only one connected diagram survives in the limit.
Remark 1 The fact that only one connected diagram survives in the limit corresponds to emergence of a new statistics (different from Bose) in the low density limit. For a discussion of new statistic arising in the weak coupling limit we refer to [1] (see also [23]).
The following theorem is important for investigation of the limiting white noise equation for the evolution operator.
Theorem 2 The limit state (7) has the following propertie: ∀n ∈
where the equality is understood in the sense of distributions over simplex
Proof. From Gaussianity of the state ϕ it follows that
The sum is equal to zero since the last multiplier
is equal to zero in the sense of distributions on the simplex t ≥ t 1 ≥ t 2 ≥ . . . ≥ t n ≥ 0.
White noise Schrödinger equation.
The evolution operator U(t/ξ) satisfies the equation (4) which can be written as
The results of the preceding section allow us to write the limit as ξ → 0 of the Hamiltonian H ξ (t). In the notation (6) the limiting Hamiltonian is the following operator in H S ⊗ Γ(L 2 (R + , X H,H 1 )):
The dynamics of the compound system (the system and the reservoir) in the low density limit ξ → 0 is given by a new evolution operator U t which is the solution of the white noise Schrödinger equation
with the white noise Hamiltonian (16) and the limit state (7). White noise Schrödinger equation (17) can be written also in the integral form
Our next step is to bring the white noise Schrödinger equation to the normally ordered form, i.e. the form in which all annihilation operators are on the right side of the evolution operator and all creation operators are on the left side.
Normally ordered form of the white noise equation.
We assume that for each E ∈ R, the inverse operators
exist.
Lemma 1 If evolution operator U t satisfies (17) with H(t) given by (16) then one has
Notice that in the RHS of these equalities the annihilators are on the right of the evolution operator.
Proof. From (5) and (6) it follows that
Using the integral equation (18) for the evolution operator and the commutation relations (21) , one gets
Notice that the second equality in (22) holds because, due to the time consecutive principle
The third equality holds since by definition of causal δ-function
For a detailed discussion of time consecutive principle and causal δ-function we refer to [1] . After substitution f = g 0 and f = g 1 in (22) one obtains
or, equivalently
(
After left multiplication of both sides of equality (23) by (1 + γ g 1 ,g 0 (E)D) and both sides of equality (24) by γ g 0 ,g 0 (E)D one gets
Now after substitution of expression (26) into (25) one has
One can show by similar computations that
Now since we suppose that the inverse operators T 0 (E) and T 1 (E) exist we can solve the above equations (27) and (28) with respect to B g 0 (E, t)U t and B g 1 (E, t)U t . The solutions have the form (19) and (20) that proves the lemma.
The normally ordered form of equation (17) is
Proof. Using (16) white noise Schrödinger equation (17) can be rewritten in a more detailed form
From Lemma 1 it follows that
The statement of the theorem is obtained after substitution of these expressions in (30). An immediate consequence of theorem 2 is the following equality 
where Γ is being called drift and is equal to
In the case of orthogonal test functions, i.e. < g 0 , S t g 1 >= 0 this expectation value for the evolution operator was obtained in [9] . Normally ordered white noise equation (29) can be rewritten through identification
where N t is the quantum Poisson process in Γ(L 2 (R) ⊗ H) defined by N t (X) := N(χ [0,t] ⊗ X), if X is an operator in H. The coefficients of this quantum stochastic equation are strongly related with one particle S-matrix describing scattering of the system on one particle of the reservoir. We will describe this relation in section 6.
The stochastic differential dN t satisfies the usual Ito table
where X, Y are operators in H. The limit state ϕ L characterized by the properties
6. Connection with the scattering theory
In the low density limit the role of multiparticle collisions is negligible and the dynamics of the test particle should be determined by the interaction of the test particle with one particle of the reservoir. In fact, the coefficients of equations (29) and (32) can be expressed in terms of 1-particle S-matrix. Because of the number conservation, the closed subspace of H S ⊗ Γ(H) generated by vectors of the form u ⊗ a 
The 1-particle T -operator is defined as dER m,n (E) ⊗ |P E g m >< P E g n |
Proof. For the case < g 0 , S t g 1 >= 0 equality (37) was proved in [10] . The proof of (37) and (38) for the general case can be done in similar way. Quantum stochastic differential equation (32) can be written also in the FrigerioMaassen form. For any pair of Hilbert spaces X 0 , X 1 if N denotes the number process on the Fock space Γ(X 1 ) then for X 0 ∈ B(X 0 ), X 1 ∈ B(X 1 ), Frigerio and Maassen [22] introduced the notation:
With this notation equation (32) can be written as dU t = dN t −2π n,m∈{0,1} dER m,n (E) ⊗ |P E g m >< P E g n | U t
An immediate conclusion from (38) and (39) is the following theorem.
Theorem 5
The evolution operator in the low density limit satisfies the quantum stochastic equation
The equation (40) describes the dynamics of the compound system in the low density limit. Using this equation and Ito table for stochastic differentials one can obtain quantum Langevin equation for Heisenberg evolution of any system observable, and, taking partial expectation of this Langevin equation, one can get (linear) Boltzmann equation for reduced density matrix of the system.
Appendix: causal δ-function.
Let us remind the construction for distributions on the standard simplex (cf. [1] ). Define 
